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UNCERTAINTY FINITE ELEMENT DYNAMIC ANALYSIS
B. A. DendroJ': and E. N. Houstis *~,
An 'inference-dynamic model 15 deveLoped based on a model dynam~c
analysis using a moving boundary condition. The uncertainty of the physical
parameters is implemented in the model using an inference scheme coupled
with a perturoation technique. Finally, the first two statistical moments
of the displacements and the stress field are estimated according to the
proposed analytical scheme and are ~n good agreement with the init~ally as-
sumed fields.
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I. Introduction
The prevention of damage of large earth structures due to dynamic
effects necessitates an analytical model capable of predicting the
response of the structure. A realistic model ought to consider the vari-
ability of the physical parameters describing the media. [n this paper,
we present an uncertainty Finite Element model analysis based on a
perturbation technique, considering the spatial distribution of the
first and second statistical moments of the modulus of elasticity,
Poisson1s ratio and density. known. The proposed semistochastic
domai n
analytical model is based on an inference correlative scheme which
links the data sampling activities and a .finite element dynamic model.
,
Finally the sensitivity of the dynamic process to error in the input
information is examined.
2. First order Uncertainty dynamic analysis
We consider the dynamic excitation of linear elastic earth
structures undergoing small displacement response. The earth media
composing the structure is assumed to be a correlative field
statistically homogeneous and isotropic. The uncertainty is intro-
duced through the physical parameter characterizing the media in the
n c R2• These parameters are the density, modulus of
elasticity and Poisson ratio whose statistical moments are obtained
from an inference correlative scheme defined and implemented in [I J.
To obtain the equations of dynamic undamped equil ibrium, a two-
dimensional Ritz-Galerkin procedure with linear triangular elements
was used for the discretization of the c~oss section of interest.
2The geometric boundaries are considered as known with certainty and
the motion perpendicular to the cross section is assumed negligible
with the dynamic response corresponding to a plane strain condition.
The input motion is prescribed at the boundary nodes either as uniform a:celerati01
in all I::ase r.odes Q" as travel i ng aeee Jerat Frm with a given phase difference.
The displacement field in S1 CR2 can be decomposed into two distinct
parts [2]
!!(t) = l(t) + iIN(t)
where
d B(t) -- h d" Irepresents t e ISP acement
a t the bounda r i es
and
(2.1)
due to the excitation
~IN(t) = represents the dynamic displacement.
Consequently, the equations of dynamic undamped equilibrium at any
free node of the structure are
"' IN
m d + k IN" Bd = - m d (2.2)
The transformation from physical to natural coordinates gives:
(2.3)
Substituting (203) into equation (2.2) we obtain the equations of a
free vibration in natural coordinates
M
.9. + K .9. = 0 (2.4)
where
T
K = AT k AM = A rnA
are the transformed mass and stiffness diagonal matrices.
3The variability of these two physical quantities during the dynamic
excitation is described by the following expressions:
n







K = K +
"
S D K
i '" 1 -j -
where
M is the mean diagonal mass matrix,
C1. is the coefficient of the mass variabi I i ty,
K = is the mean stiffness matrix,





The two sets of coefficients ~ and ~ can be viewed as random variables
whose mean value is equal to zero and whose variance is determined
based on the uncertainty of the physical parameters.
Assuming that the variability coefficients are the same
and evaluating the variance of M and K we obtain
VAR2 (M)
n 2 M2J= " VAR2 (a.) M 2 = n [VAR (a)i=J l_
and












On the other hand, the variances of the mass and
(2. 10)
stiffness are
given in terms of the variances of the physical parameters obtained
by the inference correlative model~ Finally, the following expressions






where y is the dens i ty. V the volume of the media _ affecting the
node, E is the IOOdulus of elasticity. \) the Poissonls ratio, K
-x
stiffness in x-direction.
To pursue an uncertainty dynamic analysis, we present an Inference~
Finite element dynamic model consisting of the following components:
(i) Compute the statistical properties of the physical parameters
describing the earth media at the nodes of the elements, in a
triangular partition of the domain Q, using the inference model
introduced in [ 1].
(ii) Use a finite element discretization procedure to derive the
equilibrium equations (2-2) and perform the dynamic modal
analysis to determine the mean values of the natural frequencies
displacements and stresses.
(iii) Apply a first order uncertainty analysis coupled with a
perturbation technique to determine the statistical properties
of the above mentioned output variables.
53. Numerical Real ization
Assuming that the natural displacements are of the form
!l.=!l. r
j w t
e r r=I, ... ,n (J. J )
for the n vibrational modes, equation (2.4) becomes
(J.2 )
In the introduction of the analytical model the mass and the stiffness
were considered random variables. Consequently, the unknown frequency
and displacement are random variables exhibiting the following variability





r=1 r [ r r=J rj





ri r rr=1 r=J
(3.4)
At this point a perturbation technique [41, [5] is adopted since
equation (3.3) and 0.4) are viewed as perturbated values. Sub-
stituting them in O.2} and equating the coefficients of Cl
r
and Sr












0 K q. 0-200. w M !l.' - w. M s., + 1\ q . + =, ri • I I . - -rJ .r . -,












w. q . D Ii S.
I - I .. r ..
-T -
s..D Kq.
I 'Or .. - 1
T - -2 w. S. . M S., ,-
• (3 ° B)
At that particular point, the mean values of the unknown variables
w and ~ are determined solving the classical eigenvalue problem defined
by (3.5). A linear viscous damptng coefficient is introduced as




r r =F (3 olD)
where wr is the natural frequency, ~r is the corresponding
damping ratio and F is the seismic load given by
T ."8
F=-A md
The general solution for zero initial conditions is obtained
(3. II )




-~ w (t--r) 2 1/2
F(T)e r r 5in[(w (1-<) (t-T)]dT
- r r
(3 012)
7Substituting (3.12) in (2.3) and after few numerical manipulations
the dynamic displacement i:= given for each mode r by
IN T
d • A '5 'R











t -< w (t-,) 2 1/2
! d (t- 't)'e r r sin[w (1-<) (t-,)]d,
o B r r
(}.IS)
and L an influence static matrix.
The loading factor R is evaluated using a finite difference scheme •
• r
The variance of the frequency is given by
n
"r=l
M 2 2 K 2 2{(w.) var (a1 + (w.) var (~1)
rl r rl r (3.16)









+ var (M.) ( -,
I aM.
I
The stresses, on the other hand, are related to the displacement
through the elasticity matrix and their mean value is evaluated at







8where D is the elasticity matrix
and B is a matrix characteristic of the geometry of the
t~ia"gular elemento
Then the variance is
2 CIa. 2
= var (w. )(~) +
I w.,
2 CIa. 2
var (E) (at) 2 CIa. 2+ var (v) (a;f)
2 CIa. 2





The proposed numericaL scheme is illustrated for a hypothetical square
domain 0 =[500,500J, subject to a seismic perturbation propagating through
the fixed boundary y =O. The region n is discretized in a 6 ~ 6 mesh and
the following assumptions are adopted for the analysis:
1. The acceleration signal of the earthquake 15 provided by code
PSEQGEN [8] which perturbs in the x direction node [0,0] first. The speci-
fied maximum acceleration ;s 0.5 9 (g = gravity) and the increment of time
is 0.01 sec. The signal ;s travelling at a velocity of 200 m/sec.
2. The boundaries y =500, x = 0, and x = SOD, are considered free.
3. The physicaL parameters describing the medium inside the domain ?,
namely the modulus of Elasticity, the Poisson's ratio and the density, are
represented by the following set of functions:
Z1 =expCCx + yJ/300l x 100
z - (1<J')0.6 x 10-32 - TOrr
for the Modulus of
Elasticity
for the Poisson's ratio
(4.1)
C4.2)
Z3 = [exPCt)(,fr - 100)(x - 50l·-fu·Cta- - 50)/S + 10]-10-4 for the density.
where
(4.3)
s = 103 •5
- 10 -
4. The uncertainty due to the boundary conditions is not taken ~nto
account without implying any limitation of the method.
The goaLs of this application are two-foLd:
A. Test the capabilities of the proposed inference-dynamic
scheme.
8. Compare the estimated displacement and stress field and their
variance between a uniform and non-uniform distribution of the
physical parameters characterizing the medium of the region n.
The first ten naturaL frequencies of the proposed structure are es-
timated using both the developed code nYNCOR [9J and code SAPIV [10J. The
comparison of the results is good, as shown in table 1, for two different
moduli of Elasticity, two different Poisson's ratios, and a fixed density.
The observed difference between these two codes is less than S%. This
difference is sensitive to the Poisson's ratio in the higher modes of vibra-
tion.
The contribution of the physical parameters to the evaluation of the
coefficient of variation of the natural frequencies is examined next. The
density affects onLy the expected values of the frequencies but has a small
effect on the coefficient of vari~tion, as can be observed in figures 1 and
2. On the other hand, the Poisson's ratio has a large effect on the coeffi-
cient of variation of the frequencies at Low vibrationaL modes. A general
comment on figures 2 and 3 is that the coefficient of variation stabilizes
after the fifth natural frequency. Table 2 contains the detaiLs of the
above-mentioned numericaL results.
Pursuing the realization of the first goat, the randomness of the phy-
sical parameters is considered and three different cases are examined.
- 11 -
Case 1 concerns the analysis based on the assumed distribution of the
physical parameters as derived from equations (4.1) to (4.3).
Case 2 concerns the analysis assuming a uniform spatiaL distribution of
the physical parameters over aLL the region n, and
Case 3 refers to the non-uniform spatial distribution of these parame-
ters as estimated by the Inference Scheme [1] for twenty-five given informa-
tions. Table 3 gives the values of the Modulus of Elasticity, Poisson's ra-
tio, and density, at nodes 25 to 33.
These values are implemented in code DYNCOR and produce the resuLts of
Table 4 and are illustrated in figures 4 and 5. The results obtained
through the inference dynamic scheme (CASE 3) are superior to those obtained
for the uniform distribution of the physical parameters. Moreover, the
coefficient of variation of the frequencies is of the order of magnitude of
the error committed in the estimation.
The displacement fieLd is evaLuated as part of the second goaL for the
three above-mentioned analytical cases. The resuLts are given in table S at
nodes 2S to 33 at 1.8 sec after the initial perturbation. Case 3 gives
better results than case 2 and the reLative error does not exceed 33%. Fig-
ures 6, 7, 8, and 9 give a better feeling for the evaluation of the
phenomenon. A sensible difference can be observed between case 2 and case 3
illustrated respectiveLy by figures 6, 7 and 8,9 at time 1.8 sec. and 2.4
sec. On the other hand, figure 10 shows the spatial distribution of the
coefficient of variation of the displacements and thus enables one to locate
the nodes in which an extra information is needed for a reliable analysis.
The stress field is evaluated based on the displacements assuming that
the medium is behaving linearly. A comparison of the obtained horizontal
stresses is shown in table 6 for the three treated cases at several time
- 12 -
steps. The interesting observation is that the estimated standard deviation
is higher than the observed deviation in stresses between cases 2, 3, and
case 1 which is based on the assumed distribution of the physical parame-
ters. Figure 11 gives the evolution with time of the maximum principal
stresses of elements 44 and 45 and illustrates the effect of the traveling
wave. Again case 3 gives the most accurate results. The effect of the
damping coefficient on the stresses has been examined also. Two damping
coefficients were considered. ~ =0.05 and ~ =0.20. The maximum differ-
ence ofthe .observed stresses is less than ax. (Table 7)
In conclusion this work has shown the importance of accounting for the
spatial distribution of the uncertainty in the estimation of the physical
parameters describing the medium of region n. The proposed analytical
scheme offers the possibility to account for the inherent uncertainties of
the physical properties of the medium which, it is believed, are causing the
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Table 1. Natural frequencies computed by codes DYNCOR and SAPrV for
a density of2~O-6 kg/cm3.
•
HORIZONTAL MODES
POISSON'S MODULUS OF 1 3 5 7 9RATIO ELASTI CITY
SAP IV IDYNe. SAPIV DYW: SAPIV DYNC. SAPIV DYNC. SAPIV DYtIC
[t/cm2 ]
20000 4.43 4.32 II. fi4 11 .45 20.64 19.92 26.10 24.26 29.42 28.05
O. I
2000 1.42 1.36 .3.74 3.62 6.52 6.29 8.25 7.67 9.30 8.U7
20000 4.65 4.46 11.91 11.40 19.87 18.76 25.21 24. 12 30.91 28.950.4
,
2000 1.47 . 1.41 3.76 3.60 6.28 5.93 7.97 7.62 9.77 ~. 15 ;
Table 2. Expected values and coefficient of variations of the natural frequencie~
evaluated with a density variance of 2 x 10- 14 kglcm3 and a modulus of




>-u IJATURAL HOR IZOIHAL MODES Iu-
- >- -J~I- ;Z
00 I- "' ... '" E = 20000t/cm2 2
,
- "',,- E = 2000 t/cm~-
'" " '" l-I- Z >- ... '"li:'~ ... "''''>- J 3 5 7 9 I 3 5 7 'q0 Zl.L..f,/'I
10-bOdcm3]
I• MEAN ".35 16.74 29.19 36.91 41.60 2.01 5.2 9.23 11.67 13.15COEF. VAR. 0.43 0.17 0.09 0.09 0.08 1.38 0.53 0.3 0.24 0.21
MEAN 4.49 11.84 20.66 26.10 29.42 1.62 3.74 6.52 8.2$ 9.30 I2. COEF. VAR. 0.43 0.16 0.09 0.09 0.08 1.38 0.52 0.30 0.24 0.21o. I
3. MEAN 3.67 9.66 16.85 21.31 24.02 I•16 3.05 5.33 6.74 7.59COEF. VAR. 0.43 0.16 0.09 0.09 0.08 1.38 0.52 0.30 0.24 0.21
4. MEAN 3.17 8.37 14.59 18.45 20.80 1.00 2.64 4.69 5.83 6.57COEF. VAR. 0.44 0.17 0.09 0.09 0.08 1.38 0.53 0.30 0.24 0.21
1• MEAN I &.58 I&.U5 28. 11 35.0$ 43.72 2.08 5.32 8.88 11.27 13.82COEF. VAR. 0.69 0.27 O. 18 0.15 0.12 2. 18 0.87 0.53 0.42 0.34
2. MEAN 4.65 II. 91 19.87 25.21 30.91 1.47 3.76 6.28 7.97 9.770.4 COEF. VAR. 0.69 0.28 0.18 0.15 0.12 2.18 0.87 0.53 0.43 0.35
3. MEAN 3.80 9.72 16.22 20.58 25.24 1.20 3.07 5.13 6.50 7.98COEF. VAR. 0.69 0.28 0.18 0.15 O. 12 2. 18 0.87 0.52 0.42 0.34
4. MEAN 3.29 8.42 14.02 17.82 21.86 1.06 2.66 4.44 5.63 6.91COEF. VAR. 0.69 0.27 0.18 0.15 O. 12 2.18 0.87 0.53 0.42 0.34
Table 3. Estimated by the Inference scheme values of the physical parameters
at the nod~s of the finite element mesh
MODULUS OF ELASTICITY POISSON'S RATIO DENS ITV
CASE I CASE 3 CASE I CASE 3 CASE I CASE 3
NODE ASSUMED COEF. OF ASSUlIED COEF. OF ASSUI1ED COEF. OFNUMBER VALUE MEAN VARIATION VALUE I.1EAN VARIATION VALUE MEAN VARIATION
xlcf...L x10 2 -!... -7kB xlO-7~xlO -2 2
em3 em3em em
25 20.08 19.74 0.29 0.0 D. 01 0.29 10.0 13.76 0.29
26 28. 03 27.80 0.10 0.053 0.056 O. Ia 26.0 26.72 O. Ia
27 39.12 39.31 0.16 0.089 O. 091 0.17 34.0 33.77 0.16
28 54.59 53.~7 0.018 o. 114 0.115 0.018 36.0 32.19 0.01
29 76.19 78.00 0.06 0.136 0.136 0.066 26.0 27 .05 0.06
30 106.34 107.3 0.069 0.155 0.155 0.061 10.0 11 .09 0.0
31 28.03 28.03 0.0 0.0 0.0 0.0 10.0 10.0 0.0
32 33.12 38.71 0.33 0.063 0.054 0.33 10.0 II. 48 0.33
33 54.59 54.53 0.0 0.035 0.035 0.0 10.0 10.0 0.0
Table 4. Comparison of the expected values and coefficient of variation of the
natural frequencies obtained for three different analytical cases.
HOR IZONTAL IIATURAL MODES RAD/SECCASES EVALUATED
DESCRIPTION QUANTITIES
1 3 5 7 9
.
CASE 1
ASSUMED MEAN 1.86 4.66 6.48 7.34 9.19DISTRIBUTION(Eq. 4.1 to 4.3)
CASE 2
UNIFORM MEAN 1.74 4.58 7.99 10. II 11.39DISTRIBUTION
E c 3166 t/em2 COEF. OF VAR. -2 -2 -2 I. 79xl 0-2 -29.9x10 3.B3x10 2.2xlO 1.6xl0
DEN =2.2. 1O-6kg/em
ESTIMATED
\I = O. I ERROR 0.05 0.017 0.23 0.28 0.23
CASE 3
NON UNIFORM MEAN 1.83 4.53 6.37 7.73 8.83DISTRIBUTION
-2 3.8xI0-2 -2 -2 -2ESTIMATED COEF. OF VAR. 6.0x10 3.3x10 2.3xlO 2.7x10FROM INFERENCE ESTIMATED
S'cHEME ERROR 0.016 0.027 0.017 0.014 0.039
Table 5. Comparison of the estimated displacement at time 1.80 sec.
for the different analytical cases.
CASE I CASE 2 CASE 3NODE
































Table 6. Comparison of the estimated horizontal stresses in element 41
for the three different analytical cases.
CASE I CASE 2 CASE 3 ,
TIME MEAN MEAN I)llSERVED STANDARD MEAN OBSERVED STANDARDDEVIATION DEVIATION DEVIATION DEVIATION
2 kg/em2 kg/em2 kg/em2 kg/em2 kg/em2 k~/em2SEC. kg/em
0.2 0.02 0.02 0.02
0.4 O. II 0.12 0.01 0.02 0.12 0.01 0.02
0.6 0.29 0.33 0.04 0.07 0.29 0.0 0.070.8 0.57 0.65 0.08 0.35 0.76 0.2 0.3
1.0 0.84 0.95 0.09 0.6 0.83 0.01 0.61
1.2 1.18 1.34 0.16 1.0 I. 16 0.02 1•0
1.4 1.38 1.57 0.27 1.41 1.35 0.03 1.0
1.6 0.98 I. 12 0.14 0.8 0.96 0.02 0.08









"0 Table 7. Comparison of the estimated maximum and minimum principal stresses lkg/cm2]
for different damping coefficients of boundary elements.
ELEMENT CASE I CASE 2 CASE 3
NUMBER Ii = 0.2 "Ii = 0.05 S= 0.2 ~ = 0.05 ~ = 0.2 "e = 0.05
MAX MIN MAX MIN 11AX MIN MAX MIN MAX MIN MAX MIN
41 1.800 - .865 1.802 - .844 2. 150 -1.202 2.152 -1.164 1.783 - .850 1.785 - .830
42 I • 134 - .809 1• 175 - .788 1.232 -1 • 144 1.275 -I. 103 1• 176 - .794 I. 157 - .775
43 2.582 -1.269 2.580 -1.333 2.154 -I. 110 2.153 -I • 181 2.566 -1.263 2.563 -I .321
44 1.362 -1.203 1.376 -1.271 I • 120 -1.062 1.137 -1.138 1.353 -1.20 1.369 -1.263
45 3.676 - .642 3.714 - .6Bl 2. 135 - .44B 2.222 - .46B 3.724 - .63B 3.75B - .676
',6 .842 - .524 .821 - .572 .476 - .389 .',47 - .418 .859 - .579 .833 - .565
47 2.430 - .146 2.448 - • 157 1.036 - .132 1.033 - .413 2.481 - .129 2.494 - .150
48 .240 - .050 .214 -0.063 .140 - .063 0.072 -0.053 .256 - .036 .226 - .058
49 .523 - .019 .529 -0.006 .183 - .029 .162 -0.012 .536 - .019 .537 - .007
50 .043 - .027 .036 -0.07 0 062 - .034 .006 -0.003 .053 -0.009 .039 - 0.00
E = 20000t/cm2
v = 0.1




Evaluation of the coefficient of
variation of the natural frequencies
for different values of the density,
with modulus of Elasticity 20000 t/cm2
and Poissnnls ratio O. I.
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Density = 2 x 10-6 kg/em3
-
v = 0.4
v = o. I
Natural Frequency
8 12 16 20
RAD/SEC
28
Figure 3. Coefficient of variation versus expected values of the natural frequencies
for a Density of 2-xl0- 6 kg{ijm3 • two Poisson's ratio va1qes of O.l~ and 0.1,
a variance Density of 2xlO- kg/em3 and a variance Hodulus of Elasticity
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Figure 4. Comparison of the expected values of the natural









Figure 6. Estimated disPlacement field at time 1.8 Sec. For
uniForm Spatial distribution of the PhYSical prope'-





















Figure 7. Estimated displacement field at time 2.4 sec. for
























Figure 8. Estimated displacement field at'time 1.8 sec. for
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Figure 9. Estimated displacement field at time 2.~ sec. for





























Figure 10. Estimated spatial distrIbution of the coeffIcient
of variation of the displacements.
2.42.22.01.8
of 2.4 sec. at element 41. 45
of the physical properties.
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